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The recent analysis of the Planck results reveals a tension between the best fits for (Ωm0, H0)
derived from the cosmic microwave background or baryonic acoustic oscillations on the one hand,
and the Hubble diagram on the other hand. These observations probe the universe on very different
scales since they involve light beams of very different angular sizes, hence the tension between
them may indicate that they should not be interpreted the same way. More precisely, this letter
questions the accuracy of using only the (perturbed) Friedmann-Lemaˆıtre geometry to interpret all
the cosmological observations, regardless of their angular or spatial resolution. We show that using
an inhomogeneous “Swiss-cheese” model to interpret the Hubble diagram allows us to reconcile the
inferred value of Ωm0 with the Planck results. Such an approach does not require us to invoke new
physics nor to violate the Copernican principle.
PACS numbers: 98.80.-k, 04.20.-q, 42.15.-i.
The standard interpretation of cosmological data re-
lies on the description of the Universe by a spatially ho-
mogeneous and isotropic spacetime with a Friedmann-
Lemaˆıtre (FL) geometry, allowing for perturbations [1].
The emergence of a dark sector, including dark matter
and dark energy, emphasizes the need for extra degrees
of freedom, either physical (new fundamental fields or in-
teractions) or geometrical (e.g. a cosmological solution
with lower symmetry). This has driven a lot of activity
to test the hypotheses [2] of the cosmological model, such
as general relativity or the Copernican principle.
The recent Planck data were analyzed in such a frame-
work [3] in which the cosmic microwave background
(CMB) anisotropies are treated as perturbations around
a FL universe, with most of the analysis performed at lin-
ear order. Nonlinear effects remain small [4] and below
the constraints on non-Gaussianity derived by Planck [5].
The results nicely confirm the standard cosmological
model of a spatially Euclidean FL universe with a cos-
mological constant, dark matter and initial perturbations
compatible with the predictions of inflation.
Among the constraints derived from the CMB, the
Hubble parameter H0 and the matter density parame-
ter Ωm0 are mostly constrained through the combination
Ωm0h
3, where H0 = h× 100 km/s/Mpc. It is set by the
acoustic scale θ∗ = rs/DA, defined as the ratio between
the sound horizon and the angular distance at the time
of last scattering. The measurement of seven acoustic
peaks enables one to determine θ∗ with a precision bet-
ter than 0.1%. The constraints on the plane (Ωm0, H0)
are presented in Fig. 3 of Ref. [3] and clearly show this
degeneracy. The marginalized constraints on the two pa-
rameters were then derived [3] to be
H0 = (67.3±1.2) km/s/Mpc, Ωm0 = 0.315±0.017 (1)
at a 68% confidence level. It was pointed out (see
Secs. 5.2–5.4 of Ref. [3]) that the values of H0 and Ωm0
are, respectively, low and high compared with their val-
ues inferred from the Hubble diagram. Such a trend
was already indicated by WMAP-9 [6] which concluded
H0 = (70± 2.2) km/s/Mpc.
Regarding the Hubble constant, two astrophysical
measurements are in remarkable agreement. First, the
estimation based on the distance ladder calibrated by
three different techniques (masers, Milky Way cepheids,
and Large Magellanic Cloud cepheids) gives [7] H0 =
(74.3 ± 1.5 ± 2.1) km/s/Mpc, respectively with statis-
tical and systematic errors. This improves the ear-
lier constraint obtained by the HST Key program [8],
H0 = (72 ± 8) km/s/Mpc. Second, the Hubble diagram
of type Ia supernovae (SNe Ia) calibrated with the Hubble
Space Telescope (HST) observations of cepheids leads [9]
to H0 = (73.8 ± 2.4) km/s/Mpc. Other determinations
of the Hubble constant, e.g., from very-long-baseline in-
terferometry observations [10] or from the combination
of Sunyaev-Zel’dovich effect and X-ray observations [11],
have larger error bars and are compatible with both the
CMB and distance measurements.
Additionally, the analsis of the Hubble diagram of
SNe Ia leads to a lower value of Ωm0—e.g. 0.222± 0.034
from SNLS 3 [12]—compared to the constraint (1) by
Planck. As concluded in Ref. [3], there is no direct in-
consistency, and it was pointed out that there could be
residual systematics not properly accounted for in the SN
data. Still, it was stated that “the tension between CMB-
based estimates and the astrophysical measurements of
H0 is intriguing and merits further discussion.”
Interestingly, the CMB constraints on (Ωm0, H0) are
in excellent agreement with baryon acoustic oscillation
(BAO) measurements [13], which allow one to determine
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2the angular distance up to redshifts of order 0.7. The
common point between the CMB and BAO measure-
ments is that they involve light beams much larger than
those involved in astronomical observations. Indeed, a
pixel of Planck’s high-resolution CMB maps corresponds
to 5 arc min [14], while the typical angular size of a
SN is 10−7 arc sec. This means that the two kinds of
observations probe the universe at very different scales.
Moreover, for both the CMB and BAO measurements
the crucial information is encoded in correlations, while
SN observations rely on “1-point measurements” (we are
interested in the luminosity and redshift of each SN, not
in the correlations between several SNe). Because of such
distinctions one can expect the two classes of cosmologi-
cal observations to be affected differently by the inhomo-
geneity of the Universe, through gravitational lensing.
The effect of lensing on CMB measurements is essen-
tially due to the large-scale structure, and it can be taken
into account in the framework of cosmological perturba-
tion theory at linear order [15] (see, however, Ref. [16] for
a discussion about the impact of strong inhomogeneities).
We refer to Ref. [17] for a description of the lensing ef-
fects on BAO measurements. Regarding the Hubble dia-
gram, the influence of lensing has also been widely inves-
tigated [18]. The propagation of light in an inhomoge-
neous universe gives rise to both distortion and magnifi-
cation. Most images are expected to be demagnified be-
cause their lines of sight probe underdense regions, while
some are amplified due to strong lensing. It shall thus
induce a dispersion of the luminosities of the sources,
that is, an extra scatter in the Hubble diagram [19]. Its
amplitude can be determined from the perturbation the-
ory [20] and subtracted [21]. However, a considerable
fraction of the lensing effects arises from sub-arc-min
scales, which are not probed by shear maps smoothed
on arc min scales [22].
The tension on (Ωm0, H0) may indicate that, given the
accuracy of the observations achieved today, the use of a
(perturbed) FL geometry to interpret the astrophysical
data is no longer adapted. More precisely, the question
that we want to raise is whether the use of a unique space-
time geometry is relevant for interpreting all the cosmo-
logical observations, regardless of their angular or spatial
resolution and of their location (redshift). Indeed, each
observation is expected to probe the Universe smoothed
on a typical scale related to its resolution, and this can
lead to fundamentally different geometrical situations. In
a universe with a discrete distribution of matter, the Rie-
mann curvature experienced by a beam of test particles
or photons is dominated by the Weyl tensor. Conversely,
in a (statistically spatially isotropic) universe smoothed
on large scales it is dominated by the Ricci tensor. Both
situations correspond to distinct optical properties [23].
In the framework of geometric optics, a light beam is
described by a bundle of null geodesics. All the infor-
mation about the size and the shape of a beam can be
encoded in a 2×2 matrix DAB called the Jacobi map (see
Ref. [24] for further details). In particular, the angular
and luminosity distances read, respectively,
DA =
√
|detDAB |, DL = (1 + z)2DA. (2)
where z denotes the redshift. The evolution of the Ja-
cobi map with light propagation is governed by the Sachs
equation [25, 26]
d2
dv2
DAB = RAC DCB , (3)
where v is an affine parameter along the geodesic bundle.
The term RAB which controls the evolution of DAB is a
projection of the Riemann tensor called the optical tidal
matrix. It is defined by RAB ≡ RµναβsµAkνkαsβB , where
kµ is the wave vector of an arbitrary ray, and the Sachs
basis {sµA}A=1,2 spans a screen on which the observer
projects the light beam. Because the Riemann tensor can
be split into a Ricci part Rµν and a Weyl part Cµναβ , the
optical tidal matrix can also be decomposed as
(RAB) =
(
Φ00 0
0 Φ00
)
︸ ︷︷ ︸
Ricci lensing
+
(−Re Ψ0 Im Ψ0
Im Ψ0 Re Ψ0
)
︸ ︷︷ ︸
Weyl lensing
(4)
with Φ00 ≡ −(1/2)Rµνkµkν and Ψ0 ≡ −(1/2)Cµναβ(sµ1−
isµ2 )k
νkα(sβ1 − isβ2 ). It clearly appears in Eq. (4) that
the Ricci term tends to isotropically focus the light beam,
while the Weyl term tends to shear and rotate it. The
behavior of a light beam is thus different whether it
experiences Ricci-dominated lensing (large beams, e.g.
CMB measurements) or Weyl-dominated lensing (narrow
beams, e.g. SN observations).
This Ricci-Weyl problem can be addressed with differ-
ent methods. One possibility, a representative of which
is the Dyer-Roeder approximation [27], is to construct a
general distance-redshift relation which would take into
account the effect of inhomogeneities in some average
way. However, such approaches are in general difficult to
control [18] because they rely on approximations whose
domain of applicability is unknown. An alternative possi-
bility consists in constructing inhomogeneous cosmolog-
ical models, with a discrete distribution of matter, and
studying the impact on light propagation. Several models
exist in the literature: the Schwarzschild-cell method [28]
or the lattice universe [29] which are both approximate
solutions of the Einstein equations; and the Swiss-cheese
models [30] which are constructed by matching together
patches of exact solutions of the Einstein equations. This
last approach is the one that we shall follow in this Letter.
Consider a Swiss-cheese model in which clumps of mat-
ter (modeling e.g. galaxies), each of them lying at the
center of a spherical void, are embedded in a FL space-
time. The interior region of a void is described by the
3Kottler geometry—i.e., Schwarzschild with a cosmologi-
cal constant—while the exterior geometry is the FL one.
By construction, such inhomogeneities do not modify the
expansion dynamics of the embedding FL universe, thus
avoiding any discussion regarding backreaction. The re-
sulting spacetime is well defined, because the Darmois-
Israel junction conditions are satisfied on the boundary
of every void. Compared to a strictly homogeneous uni-
verse, a Swiss-cheese model is therefore characterized by
two additional parameters: the size of the voids (or equiv-
alently the mass of their central bodies), and the volumic
fraction of the remaining FL regions which encodes the
smoothness of the distribution of matter. It is naturally
quantified by the smoothness parameter
f ≡ lim
V→∞
VFL
V
, (5)
where VFL is the volume occupied by the FL region within
a volume V of the Swiss cheese. With the definition (5),
f = 1 corresponds to a model with no hole (i.e. a FL uni-
verse), while f = 0 corresponds to the case where matter
is exclusively under the form of clumps inside voids.
Of course such a model cannot be considered realistic,
but neither does the exact FL geometry, used to interpret
the Hubble diagram. Both spacetimes describe a spa-
tially statistically homogeneous and isotropic universe,
and the former permits additionally the investigation of
the effect of a discrete distribution of matter. Since the
FL universe is a particular Swiss-cheese model, this fam-
ily of spacetimes therefore allows us to estimate how good
the hypothesis of strict spatial homogeneity—with a con-
tinuous matter distribution at all scales—is.
The propagation of light in a Swiss-cheese model has
been comprehensively investigated in Ref. [24], general-
izing earlier works [31], with the key assumption that
light never crosses the clumps. This “opacity assump-
tion” can be observationally justified in the case of SN
observations if the clumps represent galaxies (see Ref. [24]
for a discussion). Compared to the strictly homogeneous
case, any light signal traveling through a Swiss cheese
then experiences a reduced Ricci focusing. This leads
[see Eqs. (2)-(4)] to an increase of the observed luminos-
ity distance DL. The effect of Weyl lensing—i.e. here
shear—is relatively small.
This systematic effect, due to inhomogeneities, tends
to bias the Hubble diagram in a way that mimics the con-
tribution of a negative spatial curvature or a positive cos-
mological constant. In other words, if one interprets the
Hubble diagram of a Swiss-cheese universe by wrongly
assuming that it is strictly homogeneous, then one un-
derestimates the value of Ωm0. The error reaches a few
percent, which is comparable to other estimates in similar
contexts [32]. Note, however, that in the case of Swiss-
cheese models with Lemaˆıtre-Tolman-Bondi patches in-
stead of Kottler voids, the effect of inhomogeneities has a
much smaller impact on the Hubble diagram [33]. Thus,
the systematic effect exhibited in Ref. [24] must be at-
tributed to the discreteness of the distribution of matter.
Simulating the mock Hubble diagrams for Swiss-cheese
universes with various values of its parameters, we in-
ferred a phenomenological expression for the luminosity
distance DL(z; Ωm0,ΩΛ0, H0, f) which is very close to the
Dyer-Roeder one. This expression was then used to fit
the Hubble diagram constructed from the SNLS 3 cata-
log [12]. Figure 25 of Ref. [24] shows that f influences
the result of the best fit on Ωm0 that can shift from 0.22
for f = 1 (in agreement with the standard FL analysis
performed in Ref. [12]) to 0.3 for f = 0.
Figure 1 shows the constraints in the plane (h,Ωm0)
imposed by Planck on the one hand, and by the Hubble
diagram on the other hand, whether it is interpreted in
a spatially flat FL universe (f = 1) or in a spatially flat
Swiss-cheese model for which matter is entirely clumped
(f = 0). The agreement between the CMB and the Hub-
ble diagram is clearly improved for small values of f ,
especially regarding Ωm0, while h is almost unaffected.
Note that SN observations alone cannot constrain H0,
because of the degeneracy with the (unknown) absolute
magnitude M of the SNe. For the results of Fig. 1 the
degeneracy was broken by fixing M = −19.21, according
to the best-fit value obtained by Ref. [12] with a fiducial
Hubble constant h = 0.7. Thus the horizontal positions
of the SN contours in Fig. 1 are only indicative.
FIG. 1: Comparison of the constraints obtained by Planck on
(Ωm0, h) [3] and from the analysis of the Hubble diagram con-
structed from the SNLS 3 catalog [12]. The shaded contour
plots correspond to two different smoothness parameters. For
f = 1, the geometry used to fit the data is the FL one.
Alleviating the tension on H0 remains an open issue.
Because inferring its value from SNe is a local measure-
4ment, a promising approach consists in taking into ac-
count the impact of our close environment. It has been
suggested [34] that cosmic variance increases the uncer-
tainty on H local0 and thus reduces the tension with H
CMB
0 .
More speculatively, H local0 > H
CMB
0 may be a hint that
our local environment is underdense [35]. Our conclu-
sions on Ωm0 remains, however, unaffected by this issue.
Our analysis, though relying on a particular class of
models, indicates that the FL geometry is probably too
simplistic to describe the Universe for certain types of ob-
servations, given the accuracy reached today. In the end,
a single metric may not be sufficient to describe all the
cosmological observations, just as Lilliputians and Brob-
dingnag’s giants [36] cannot use a map with the same
resolution to travel. A better cosmological model prob-
ably requires an atlas of maps with various smoothing
scales, determined by the observations at hand.
Other observations, such as lensing [37], may help
to characterize the distribution and the geometry of
voids [38], in order to construct a better geometrical
model. For the first time, the standard FL background
geometry may be showing its limits to interpret the
cosmological data with the accuracy they require.
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